]. The potential energy operators are constructed using the n-mode representation adapted to a four-combined mode cluster expansion, including up to seven-dimensional grids, chosen adequately to take advantage in representing the MCTDH wavefunction. An error analysis is performed to quantify the convergence of the potential expansion to reproduce the reference surfaces at the energies of interest. An extensive analysis of the vibrational ground state properties of these isotopes and comparison with the reference diffusion Monte Carlo results by Acioli et al. [J. Chem. Phys. 128, 104318 (2008)] are presented. It is found that these systems are highly delocalized, interconverting between equivalent minima through rotation and internal proton transfer motions even at their vibrational ground state. Isotopic substitution affects the zero-point energy and structure, showing preference in the arrangements of the H and D within the mixed clusters, and the most stable conformers of each isotopomer are the ones with the H in the central position. Vibrational excited states are also computed and by comparing the energies and structures predicted from the two surfaces, the effect of the potential topology on them is discussed.
I. INTRODUCTION

Since the detection of the H
+ 5 ion in 1962 by Dawson and Thickner 1 several experimental and theoretical studies have been devoted to investigate its structure and properties. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] As the smallest system including a proton transfer has been viewed as the prototypical interconversion, modeled by H + 3 H 2 ↔ H 2 H + 3 , and its molecular properties are therefore an important step to understand larger complexes. Moreover, the H + 5 cation and its deuterated isotopomers are of particular interest in interstellar chemistry reaction mechanisms. [15] [16] [17] [18] These cations are highly fluxional with its potential surface presenting many equivalent minima separated by low barriers. The global potential minimum has C 2v symmetry with the H 2 molecule attached to an elongated H + 3 core, with 5!=120 versions of it with respect to all permutations of identical atoms. There are saddle points of D 2d symmetry corresponding to the barriers for the internal proton transfer, with the proton occupying the middle position, and thus "hops," between the two H 2 groups. Also, there are internal rotations through to the C 2v symmetry saddle points, corresponding to rotating a H 2 around the C 2 axis of the H + 5 . The barrier heights for the proton transfer and H 2 rotations are about 60 and 100 cm −1 , respectively, 9 while higher-lying stationary points are also known on its surface. 6, 9 Numerous electronic structure calculations and normal-node frequencies at different levels of theory have been reported for the H + 5 . 8, 19, 20 However, it is clear that standard zeroth-order methods of its spectroa) E-mail: rita@iff.csic.es. scopic analysis are useless, and to understand the vibrations of H + 5 proper nuclear quantum mechanical treatments to count with anharmonic effects together with an accurate representation of its potential surface at the configuration space of interest should be considered.
Fortunately, great progress has been made in recent years in the construction of potential energy surfaces (PESs) (see Ref. 21 and references therein) for high-dimensional molecular systems. 22 In particular, up to date several H + 5 surfaces are available in the literature, 10, 12, 20, 23 with each of them based on different theoretical approaches. In particular, various fitting procedures to ab initio data using site-site interactions, diatomics-in molecules, triatomic-in-molecules, generalized many-body expansion, and permutationally invariant functional forms for the parameterization of the surface have been reported. 9, 12, 23 An interpolation technique has also been employed on a sparse set on data, 10 and even an "on the fly" reliable representation of it based on improved parameterized functionals [24] [25] [26] within the density functional theory framework has been also proposed. 20 These surfaces have been used to carry out theoretical studies on vibrational and collisional dynamics, such as diffusion Monte Carlo (DMC), 13 pathintegral Monte Carlo (PIMC), 27, 28 and molecular dynamics 11 calculations, excited vibrational state calculations, 29 reduceddimensional spectral simulations of the infrared (IR) photodissociation of H + 5 and D + 5 , 5, [30] [31] [32] [33] and rotational ones for different mixed isotopologues, 14 as well as classical trajectory simulations, 10 and reduced seven-dimensional (7D) quantum scattering dynamics ones for deuterated forms of the H From the experimental point of view, H + 5 and its deuterated isotopologues also present a challenge for laboratory observation mainly due to the postulation for their presence, but still not detected, in the interstellar medium. 15 29 These encouraging results motivated us to undertake a complete characterization of lowlying vibrational levels of its heavier deuterated counterparts, aiming to provide information that could contribute to guide future spectral studies (experimental and theoretical), and further to gain insights into the role of the underlying PES on vibrational spectrum of these ions.
The plan of this paper is as follows: in Sec. II, we outline computational details of the MCTDH calculations. [35] [36] [37] We present the coordinate system and the corresponding Hamiltonian operator for the H + 5 /D + 5 systems: in Sec. II A, the kinetic energy operator (KEO) is given, and we also discuss here the construction of the potential energy operator and its accuracy. Section II B presents numerical results on the zeropoint energies (ZPE) in comparison with previous data available from the DMC calculations and excited vibrational states of the H + 5 /D + 5 isotopic species. Special attention was paid on their convergence with respect to the potential representation and the number of configurations of the MCTDH wavefunction. Finally, some concluding remarks constitute Sec. III.
II. COMPUTATIONAL DETAILS
We employed here the Heidelberg MCTDH package [35] [36] [37] to solve the time-dependent Schrödinger equation. The MCTDH method (see Ref. 38 and references therein) expands the wavefunction in a sum of products, namely, singleparticle functions (SPFs), which in principle allow the treatment of more degrees of freedom, maintaining the correlation between them. The SPFs are one-or multidimensional functions of the system coordinates, and are represented by linear combinations of time-dependent primitive basis functions of discrete variable representation (DVR) grids. The calculation of the Hamiltonian matrix elements requires a major part of the computational resources, and hence their evaluation is essential for the performance of the MCTDH. Thus, the Hamiltonian should be expressed as a sum of products of monoparticle operators to ensure efficiency. KEOs are usually of product form, while potential energy ones are not. Below we present the coordinate system used together with the exact KEO for the H 
where L, l, L 1 , and L 2 are the angular momenta associated to the vectors R, r, R 1 , and R 2 , respectively, and the total angular momentum
with m 1 , m 2 , m 3 , m 4 , and m 5 being the masses of the H or D atoms labeled in Fig. 1 . We use the set of internal coordinates (R,R 1 ,R 2 ,x,y,z,θ 1 ,θ 2 ,α) shown in Fig. 1 , in parenthesis, to describe the system. The body fixed frame is chosen such that the Z BF axis is parallel to R, and that R 1 is parallel to the ZY BF plane (see Fig. 1 ). Then, the coordinates R, R 1 , and R 2 are the sizes of the vectors R, R 1 , and R 2 , respectively. x, y, and z are the coordinates of the proton in the BF frame with origin in the center of mass of the H 2 -H 2 system. θ 1 and θ 2 are the angles of R 1 and R 2 with the Z BF axis, and α is the azimuthal angle between R 2 and the Y BF axis. The exact KEO expressed in terms of the internal coordinates is given in the Appendix, and can be used along with a direct product of DVR primitive basis set in each of them.
Potential energy operator
As we mentioned above, in order to make the MCTDH method efficient, the potential energy operator must be written as a sum of products of single-particle operators. An efficient approach within the MCTDH code 35 to obtain the desired product representation of the PES, called POTFIT, 43 is limited to systems with at most 6-7 degrees of freedom, and recently a multigrid POTFIT methodology 38 has been proposed. As the grid used to describe H + 5 is too large to be treated with the POTFIT algorithm, an n-mode representation of the potential is used, 44 adapted to a four-mode combination scheme. Taking into account the coordinates that are strongly coupled between them, the 9 degrees of freedom are combined into four modes q i according to the following scheme:
. In this representation, the potential is approximated bỹ
with v (0) being the potential at a reference geometry a (V(a)) and the other terms come by
Here, a (i) represents the reference point a except for the ith coordinate, while a (i, j) and a (i, j, k) represent the reference point a except for the (i, j) and (i, j, k) coordinates, respectively. The v (1) terms are the intra-mode potentials keeping the coordinates in the other modes at the reference geometry, v (2) terms account for the mode-mode correlations, while the v (3) are the three-mode correlations between the 4 different modes. Here, the n-mode expansion is truncated at the third order, with the fourth one being the exact representation of the PES. We consider an average over two different reference geometries to construct the potential terms enforcing the symmetry properties in the expansion. 45, 46 One corresponding to a saddle point in the z coordinate of D 2d symmetry, and the other one being an equivalent position corresponding to geometry with a change of 180
• in α coordinate. The POTFIT program is then used to convert the n-mode terms of the expansion of Eq. (2) in the sum of products of single-particle operators form required by the MCTDH program.
The quality of the n-mode approximation of the PES is investigated by analyzing the error with respect to the original surface (we choose the PES of Ref. 12) at energies and configurations of the interest. In Table I , we list the mean absolute error (MAE) and the root-mean-square (rms) values by increasing the order of the potential expansion for two different sets of configurations. One includes up to ≈6×10 6 geometries covering the whole coordinates range in the present calculations up to potential energies of 9000 cm −1 , while another one is restricted to 6×10 5 configurations, which are selected from the previous set by applying a cutoff at 2000 cm −1 in each of the three intra-mode v
In Figure 2 , we show the rms values for increasing order of the potential expansion, e.g.,
, for the two sets of data as a function of the potential energy. One can see that the error of the n-mode approximation for the larger set of geometries is highly increasing for energies above 2000 cm −1 when the first-order terms are included in the series. By adding the v (2) terms we achieved an error of about 600 cm −1 , while the expansion up to third-order arises the rms value to 750 cm −1 for potential energy values above 5000 cm −1 . Thus, by restricting each of the three v for the higher energy range of interest. Further, we should point out that the cutoff value, applied only to the first-order terms v
i , i = 1-3 modes, is quite reasonable compared to the excitation energies for each of them, e.g., shared-proton stretching, torsional, and bending modes.
Once the set of coordinates is chosen, we should also define the parameters of the grid for the representation of the Hamiltonian operator. In Table II , we list the grid parameters for each of the nine internal coordinates. As the center of mass of the coordinate system depends on the positions of the isotopic substitution, the grid range values of the z coordinate are affected, and thus the evaluation of the potential matrix. In this way in total 5 different grids, namely, A, B, C, D, and E, are needed to carry out the MCTDH calculations for the mixed isotopotic species of H + 5 . The underlying primitive basis sets are harmonic oscillator, sine and exponential DVR functions. The total number of sampling points on the full product grid is 6×10 9 , however, by employing the n-mode cluster expansion up to 3rd order in combination with the four-mode scheme a reduction in the matrix elements of the potential to 3×10 8 data is achieved. The POTFIT algorithm 43 is then used to expand the 2nd-and 3rd-order potential terms in the appropriate product form for the MCTDH calculations.
B. Numerical results and discussion
Zero-point energy and ground-state properties
The numerical effort for solving the Schrödinger equation within the MCTDH method mainly depends on the number and size of the basis of time-dependent wavefunctions, called SPFs, used to represent the wavefunction. As mentioned above in the present calculations we introduce 4 combined modes, q, and thus the SPFs are depending on 2 and 3 internal degrees of freedom for the q 1 , q 3 , q 4 , and q 2 modes, respectively. The calculation of the ZPE and the ground-state wavefunction is carried out using the improved relaxation method 47 implemented in the MCTDH code. 35 In Table III , we present the convergence of the ZPE values for the H One can see, in Table III , that with 10, 12, 10, and 5 SPFs in each of the q i (i = 1-4) modes we achieved a convergence of less than 0.5 cm −1 in the MCTDH calculations for the ZPEs of the indicated isotopes using the two PESs. Additional convergence calculations are performed based on extrapolation schemes proposed recently. 48, 49 The idea is to carry out a reference calculation by employing a small set of SPFs, and in turn by doubling the number of SPFs in each mode independently to calculate the energy difference with respect to the reference one. At the end the sum of all these differences is added to the reference energy to estimate its extrapolated value. In Table IV , we report the results obtained with a half-size set of SPFs compared to the larger one (see Table III ). As it can be seen the larger E values are found for the q 3 and q 4 modes summing up to 8.7 cm −1 , and if the number of SPFs in these modes is doubled in the same calculation this difference is almost the same (see 6th row of Table IV 12 we see that they are lying higher in energy by ∼ 30 cm −1 . After we checked the convergence of the ground state energies with the SPFs, and in order to evaluate the effect of the n-mode expansion of the PES on them, we list in Table V the ZPE values for increasing order of the potential terms using the reference potential of Ref. Table II ), and compare them with previous calculations, that for the moment are available only for the analytical surface by Xie et al. 12 In Figure 3 , we present a schematic represen- the ZPE of such species, formed by triatomic cations plus a diatom, has been extensively discussed in previous studies (see Ref. 13) in connection with their implication in reactive scattering, e.g., deuterium fractionation in interstellar medium. [15] [16] [17] [18] The present results are in completely accord with the ones previously reported by Acioli et al. 13 from the DMC calculations, with differences within the statistical error of the reference DMC data in most cases, while the larger deviation of 8.0 cm −1 is found for the second conformer of the H 2 D + 3 (see Table VI ). In Figure 4 , we present three-dimensional plots of the potential energy surface 12 together with probability density distributions of the ground vibrational state of the H Both surfaces present a double-minimum topology along z coordinate corresponding to the two symmetric 1-C 2v global minima with a relative low isomerization barrier between them of a D 2d symmetry. The surface by Aguado et al. 23 predicts somehow higher barrier for the internal proton exchange (see left-top panel of Fig. 5 ) of 135 cm −1 compared to 52 cm −1 of the earlier PES, 12 while for the barrier corresponding to H 2 rotation around the C 2 -axis of the H + 5 , namely, 3-C 2v , the reverse ordering is obtained (see righttop panel of Fig. 5 ) with energies of 93 and 103 cm −1 , respectively. The potential curves along the R and θ 1, 2 coordinates show a similar behavior for both surfaces (see leftbottom and right-bottom panels, respectively, of Fig. 5) , with the PES by Xie et al. 12 being more anharmonic for the intermolecular R distance between the two H 2 . The corresponding probability distributions, obtained from the PES of Ref. 23 , are also depicted in Figure 5 , with the ground vibrational state corresponding to the lowest one in energy. We can see that along the z coordinate a quite broad distribution is obtained, for the α coordinate the distribution is almost flat with nonzero values for the whole range of α values, while for R and θ 1 the distributions look more localized, with a clear peak at θ 1 = 90
• . The ground state properties for the surface of Aguado et al. 23 are found in accord with the results of previous studies based on MCTDH, MM-RPH, DMC, and PIMC calculations using earlier reported PESs of H + 5 , 12, 20 and all of them predict a highly fluxional behavior with the proton shared between the two almost freely rotating H 2 /D 2 diatoms. In particular, as we mentioned above (see Table III ), using the PES by Aguado et al. 23 we obtained higher ZPEs values by 34.9, 34.6, 26.4, and 26.9 for the H , respectively, compared to those using the PES by Xie et al., 12 and attributed to the differences between the two surfaces as we discussed above.
Vibrationally excited states
For calculating vibrationally excited states, we employed the block improved relaxation procedure 50 implemented in the Heidelberg MCTDH package. 35 Thus, a block of initial vectors corresponding to the number of the desired states are simultaneously computed, and then converge collectively, using the same set of SPFs for all of them, to the set of eigenstates. In Tables VII and VIII, assignments of these states are given in Tables VII and VIII  for Figures 6 and 7 we display contour plots of the probability distribution of several of them at the corresponding coordinates. One can see that, e.g., the n = 3 state of the H + 5 corresponds to v z = 1, with v being the quanta excitations in the indicated internal coordinate. Also, in Figure 5 we show one-dimensional probability distributions for selected states of H + 5 using the PES by Aguado et al., 23 such as n = 1 and 2 with 1 and 2 excitations in the α (see right-top panel), n = 3 with an excitation in z (see left-top panel), n = 18 with a node in R coordinate (see left-bottom panel) and n = 15 with θ 1 or θ 2 excitation (see right-bottom panel). The results reported here using the PES of Aguado et al. 23 are the first full-dimensional ones, and can only be compared with reduced-dimensional values reported recently. 33 In particular, from a 7D calculation ZPE of 7167.1 cm −1 has been obtained for the H lower due to the contribution of the 2 more degrees of freedom. Five excited vibrational states have been also computed, although as H + 5 is highly coupled system the differences are rather large, for example, the n = 3 state, corresponding to the shared-proton stretch-mode, is predicted at energy of 353.5 cm −1 from the present full MCTDH calculations, while the 7D value for this state was 255.5 cm −1 . 33 However, in Table VII , we compare the present results with the ones available from previous studies employing the surface by Xie et al., 12 from MCTDH, MM-RPH, DMC, and PIMC calculations. 5, 13, 28, 29 We should point out that the fourmode combination scheme employed here differs from fivemode one used previously in the MCTDH study of the H + 5 , 29 in which the R 1 and R 2 coordinates were not grouped together. By comparing now the results obtained using the two different schemes, we can see small differences in the energies of the states that, in principal, should be attributed to the n-mode representation of the PES, and are within the convergence error in the MCTDH calculations of about 10 cm −1 for the H
at the whole range of energies studied. Further, in Tables VII and VIII, we compare with data reported previously by DMC, MM-RPH, and PIMC approaches on the ground, and an other two vibrational excited states, corresponding to the shared-proton stretching and torsional modes, using the same underlying surface, 5, 13, 28 for the H for the shared-proton stretch and between the DMC and MM-RPH results for the torsional mode for both isotopomers.
As we discussed above, the two analytical PESs 12, 23 show small differences (see Fig. 5 at the energy range of interest, and by comparing the results on the vibrational states 
III. SUMMARY AND CONCLUSIONS
We carried out a theoretical investigation on the vibrational levels of H + 5 and its deuterated counterparts. These cations are highly floppy and any sort of analysis based on standard zeroth-order models is not expected to be useful. The 120 equivalent global minima are separated by very low potential barriers and even the vibrational ground state is highly delocalized over the lowest stationary points of the surface.
In this work, we take advantage of recent computational/methodological progress made on the generation of PESs, here for H + 5 , and the availability of performing a fulldimensional quantum treatment within the MCTDH framework. Two different, recent analytical PESs are employed in the present computations. For the 9D MCTDH calculations each PES is approximated by a n-mode representation introducing an adequate four-mode combination scheme to obtain a computationally compact and manageable representation. An analysis of the accuracy of the n-mode expansion up to third-order terms is performed. The ZPE for each isotope is computed by improved relaxation calculations and an excellent agreement, within few cm −1 , with the reference DMC results, is found for all cases. The ZPE decreases as the number of deuterium atoms increases, with the D atoms to prefer the external positions in the cluster, and maximizing their number in the H + isotopologues are indicative, and of particular interest for the study of interstellar chemistry reaction mechanisms, i.e., deuterium fractionation.
Further, the first 20 vibrational exited states, that are related to the internal H 2 rotation, shared-proton stretching, symmetric, and antisymmetric bending motions and combinations of them, are calculated from block-improved relaxation computations for both H However, apart for a reliable representation scheme for the H + 5 PES, a dipole moment surface is also required, and further several technical modifications should be considered to reach the higher energy regime of the vibrationally predissociating states with R 1 /R 2 excitations, where experimental measurements are available. Work in this direction is in progress.
